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An Integer Programming Model for the Optimal Qubit Allocation

HyeonSeok Choi - In-Chan Choi

System Optimization Laboratory, Department of Industrial and Management Engineering, Korea University

A qubit allocation problem is to find an assignment of logical qubits in a quantum algorithm to the physical qubits
of a quantum computing device. The physical qubits are often configured in a coupling map, which is a directed
graph that represents communication relationship between adjacent physical qubits. A proper qubit allocation
satisfies all logical qubit communication relationship in a quantum circuit by conforming to the coupling map
restriction. To find the proper qubit allocation, we often need to change the quantum circuit by using a set of circuit
transformations, which include reversal, bridge, and swap. Such a transformation results in the quantum circuit with
newly added quantum gates and subsequenlty causes extra quantum errors. In this study, we propose an integer
programming model that minimizes the sum of the quantum costs of the circuit transformation. In our model, all
three circuit transformations are considered. Moreover, we present the results of the computational experiment in
which our model is compared with heuristic procedures from previous studies.
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Figure 1. The Qubit and the Quantum Circuit

A quantum circuit
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Figure 2. A Quantum Circuit of GHZ and Matrix of Gates



202

3.2 AR

Aol 7 4 AFEE AF FrEehs B
Wit Ag FrEE
=2 Uehd 4 gtk @
Az 2] A AY 2% 4
£ P ACIEE AU Yshor Bk B 73l AolE
LAY TEE 4 99 F) 48 5 AW Aol

NolEe] 4% 7 Aol 795k B 7910] 274 Agh 7
9] ofz1e] melst elo] ixshok k. o] FHle] F )

ol Alel=2] A g 79 Al =5} ONOT Aol ) %

o7 ¥& 71532 E 71 CNOT Alo|ESo| 2+t A% 7%
£9] AL g of 3},
Figure 3. Coupling map of IBMQX2
333 g A
T g BAY A PARFES) 2F PR B
sz e gEe §, TEE AT 23 oA

A%
3HA 7] Sfel F 2ol W Tt Aol ES /A
w s A S-S Hadse 24T YA AZE W
5”0}— HES “&L B 4 e ek wgho 2 vhd Wl

& Ao} 7T} BE 7L AR iPE Aol A7 Wa
& Ao} T3} B T Aolo] THE FUL FIhsHE W
oI oA 2, W ARe A AT PR e 7

HElo] r4-(Slralch1 etal., 2018).
ﬂ g A HE-E 7R AL o, A B89
l%l*r"ﬂ APAR o2 Alggitta 7Pg3tt A
259} ¢ 3|29 AlojH AClE
ZF Aol Alo| ES Ao} FHlF £ FHIo AR
ool 7P R At 3 &2 S A A g AH
TZ2E A A3 FHlARE o] Fo) A A} 3=
Z ;}‘Jr«] 73?&?1‘: e el oSt
Folzl ¥t 3| 2o} AA okx} AFE Y 2

=
FONOT Aol EZ0] A T2 272
——

=2

HyeonSeok Choi *

In-Chan Choi

714 1. 7017 9bA 3] 2 Bl 79 Ao E9} ONOT Aol &
T4,
72 ste AAT WA u1 8L 1A A vl el &

7h ko) oA ol 43} 5] Bl GO AL

74 2.

714 3.

o}

o] %,

ATNHE F BF BAY Fe8 2EIL st
B EAS Tl BAZ T A WA BAE ACE A

oJE b LF NP I5E AL BAZ TP UBS

¢

3l 2t Alo| Aol EoA ¥t 329 FHlEH A 7=
SO FHIE 1 & A E AT
7 WA FA = v Wk A Wk 3 f‘a‘ Haslele &
A2 T3t vhd M3k Ao ‘ﬁ“‘jl-"]’ FHE A= 1t
o] ZojE Ao EY Ao FHlH H& ] fﬂ%ﬂ A
g 259 of79 WIS Nt uh E = oM, 94
‘?’3%3 Aof Ful3} 21 FHl 7k ok & %‘ H71e 9
< 3ith o] & EUIE b WSk A4 W Sl 345\_:‘31'
5}L A vTEs | A% FREY U E 4 HAa g
& A (minimum cost network flow)2 A2 4 T}
<Figure 5>+= VIEY 2 B]& F3F A4 oA Z, A3 2= 4
o A F3x FFHlo] FFul 50]3L Ao FHlo] 73l 191 7%, ok
(B, 57 A AR 23 AA A FEREE oL (S, 3)

o= TP WA WHol & ¥ BasHe] 4 13} 74 5
Abolo)) FHl 38 Eskslr 2 A Wslo] 11 st}

Reversal: 1
Bridge: 1

Figure 5. An Example of Computation of Reversal and Bridge
Transformation

!
#

o

D

D
"

palinakls

N

@

U
(a) A circuit of reversal

(b) A circuit of bridge

N

(c) A circuit of swap

Figure 4. Circuits of Transformations(reversal, bridge, swap)
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Figure 6. An Example of Qubit Allocation

AY)

TR S v ¢ I 2o Flo] A T2 A C FAYR G T = HH( 0= {1,-|01})
o= IW%EFZI AR H et A 725 gl OB, Op, Oy : 97 W%k v g 3&@3&4 A

A Ao} FHlT BE FU T A AZE P 5 ok Alojd - AlolR Ao Ee) AE 2 (D= {1, DI}
AelEe] A4 e ﬂ‘?_ﬂéi”«l olFef Fol b WS g Alo}® AolE 7 mE Wishe] <yl 1
° sl A A o] Wt i) el of 0] 4olth (5 = {1, - Is1})
ey ty: A ASE A B Ao} FHl} BH 74
4R 424
2wl A
41238 R AT VIR YTRECH 3) 3) TN 3) 3) SPIT
deD iEPjERPIED iEPjEPseEED
by A Ao E A Ed A A7 WBke] 35S ehyE
Ao w2 D=1 "keCdED (1)
AR A ojE Ao Eol A A Fx=o| FHlistF Yot < YiepvdED (2)
29k W 3ho] MAYSHA 1, ofy W 09l o] 7 M o L
24 AR AoR Ao Eo| A Ad T2E9] FHl st %A éjik =1 kecVsesYdeD/H{IDI} ()
52 o) Fal k7 A 2 th-$3HE 1, o) @ 09l o] 7 W4 o<1 viepYses,Yde /(D) (@)
Yl A AlO1 R Ao EX A% FRE ko] A2 FHlid — VoegV
A 592 7R ok a2 3k 1, 0w 03] o] 7 W4 ,;PJ;% =1 sE8,"dEDHIDI} (5)
2 1A Aot Ao E g} (d+1)MA| A o8 Ao E Aol SIS0 = Y ©
Hsle waMae AN T A PR Flio] ierer ierer
7} 829 54 ko] th-S-HH 1, ok 021 0] 71 W4 's€s/{Is1},as /Dl
w!: AR Ao Alo) Esk(d+1) 8l Ao} 8 Ao E Apo) o] ol =, i€ P ke GIdE DD ()
A sHA w3 Sho] A 25 o FHL ikl joll A 28 = gt Viep,Ykec,YdeD/IDI}  (8)
Qoo 1, o 0%l o)1 (i <)) B i fa+0d
o, AR FRE Ao W (i, j)7F 07 1, ohIT 091 A (2l + )< =il = ©

P AR FEEY FHY A2 (P = {1,--,|P]}) ViepYke ¢,Yse §/{1S1},Yde D/{|D|}



204 ELERERE!

2l =2 < Y (wid wi) (10) o HAs}E oujgith 2 (1), 4 Q)= FAF 3|2 FHl e
Lo | A 2% TR Tl thEElofok §-¢ orRiny 4] (3), 4
ieP ke GV seS5/{IS1}, Yde D/{IDI} @)= AoE Al E 7+ w8 HEkS AR Fo = o] &
Z§S+Z,(-2+1)d < 2_2 ’wbd—F’wbd) (11) ZALe ‘(I'DI’Z]HO—]O]: fg—% _O,]U]tﬂ-li}
C i=r 2] (54 (13)& TE BB 3 Aol 4 ()
i€ sesIslh aEDAIDI 3 agto] SAlo Yol 5= ¢S omata 4 (6) w W
5 2= 2~0] 2~ o =X o MR
ws‘;i_c +C V’L.E_P,vjE.P,VSES7VdED (12) %‘0’] 1?’5}__}(]} LAA‘]Q]T_ /éxﬂ Eﬂ_—l—"] L/\_] ]E‘}}\7]— E%E ‘O/]]j‘l
st 2 (7), 4 (8)2 Ao d Alo|E F w g Mk A3} w3l A
4 < Exk+ dah (13) ST A% FEREY FHER A I ZY FUE U3 B
S AL 22} 013 Aol A| £} ol Aol Aol 7
HERJIEPsT €84S DD 2 7 oS BAS BAFL o A 9), A (10)L L3
Sl <1 ViepYdeD (14) E‘*i-d"l HAYEEA] ko A LxE9) 3|2 FUlE 7t
i < AV GRAAA FSS omEy A (1) AF TEE
2 =1 HEPRTASD (1) e)A m Ago] MR FUEE A% TRES) 529
JE = NelE) =3 ]g 5 ] = 3
b ) DI Fo] A 2T of=0] oF BHNT Lo & 9182
Y = Zm iEPYjEP"dED (17) oJulahe, 2] (13)S B3 Wsko] oz} 3] =e) ‘ﬁ“iol A% 7
v < Em YiepYjepvdep (1) 259 F U8 A dojd & 9eS ofwah 4
. . olth. 4] (14)~4] (19 A F25 4] A4 7 E419 Al
J;)yu*é}ﬁ =T, T Ty, (EPTAED (19) ool A (20), 2] (21)& 217} A7 W WA WEke] 4]
_ #3k Ao},
IEDIPITE! VdED (20) a
= <Figure 7> %A+ 3] 2 *ham3 102’1 o gk 74l &3 %zﬂ
= cit YHEPRJEPLTAED (21) o Ajolth. 3] ut=w 1WA AlolH Alo| BN AF T
byis integer, x5y, yiy 25wyl is binary (22) = FHl 12,38 okA 329 FHl 3, 1, 20] th-gHTh 5%1

Ao)H Aol Et 6HA AR HIOIE Abolo A At Fx
Al 7 M-S 25 ALESHE 32 W ske] S Siraichi et al. 2] FH) 13} FHl 2 Abolol| A w3 Wdto] vh st 7 A zﬂ
2018)3 TLZ FA I 0, =10,0,=4,0,=T2 27X  oj@ Ao|Ec|M A FxE9| FHl 29} 7FH 3 Ato]o| A ul
Shal, w3 TS AMRShe A A NS A7 0= 0, A HSo] BT whghA 1] w3 WSk} 1] whd ¥
Oy=T7% ART FA AL oA v g9 F3 ko] T8 F 119] A} vl Lo 3T

/)
N
N

%
Jdn)
N>

=] [+] [-]
N
N>
)
\]

Jan) Jany M N ° e
(N A T
(a) The quantum circuit of “ham3 102” (b) The coupling map
ey Jan VANl n W I I AN I ey
31 \ > (N> AV A : >
! ! I I
_ ! ! 1 1
=1 ] T |
1 1
| |
[ M M Jan
@ v v H H =D
ko o o - - | _____ o
wis =1 s =1

(c) The solution of optimization model

Figure 7. An Example Problem and Solution of Qubit Allocation
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Table 1. Computational Results
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Quantum Circuit Compare \yith Siraichi et al.(201.8) Compare with Wille'et al.(2014)
(reversal, bridge, swap transformations) (swap transformation only)
name |C] [D T, Cost,, Cost,, ratio T, Cost,, Cost,, ratio
tel 3 2 0.08 7 0.00 0.05 0 - -
peres 9 3 0.11 0 - 0.08 0 7 0
w_state 3 0.12 0 - 0.19 0 - -
ham3 102 3 0.61 11 25 0.44 0.84 21 21 1.00
317 14 3 13 0.27 11 0.73 0.39 21 28 0.75
grv 3 36 0.86 0 - 0.84 0 - -
qft 4 4 6 3.01 14 21 0.67 2.44 14 -
rd32-v0_66 4 12 10.44 25 39 0.64 442 28 28 1.00
decod24-v2 43 4 16 44.26 29 35 0.83 12.83 35 21 1.67
qec 5 0.56 7 1.00 0.17 7 - -
ex-1_166 5 0.14 14 0.57 0.25 14 - -
4mod5-v1_22 5 6.55 14 21 0.67 3.66 14 21 0.67
qft 5 5 10 172.94 32 50 0.64 54.28 35 42 0.83
mod5dl_63 5 11 16.76 18 28 0.64 23.53 28 - -
modSmils 71 5 12 20.5 15 35 0.43 50.08 28 - -
mod5d2_70 5 14 28.81 26 50 0.52 141.45 49 - -
4gt13 92 5 15 24.67 23 67 0.34 29.66 42 - -
alu-v0_26 5 21 932.11 38 91 0.42 442.58 70 - -
pea 5 42 1101.28 14 21 0.67 286.60 14 - -
\CI the number of qubits of circuit, |Dl: the number of controlled gates of circuit, 7),: computational time of model (sec.)

t,,: quantum cost of the model, Cost,,:

quantum cost reported on study(Siraichi ef al., 2018; Wille et al., 2014), ratio :

Cost /Cbst

m
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