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Constrained Graph Coloring
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Quantum computing holds significant promise for solving NP-hard combinatorial problems by leveraging
quantum properties such as superposition, entanglement, and interference. In this study, we apply Grover’s
algorithm to a constrained scheduling problem modeled as a graph coloring task with an added complexity:
ensuring that the total processing time of all jobs assigned to a machine does not exceed its capacity. This
additional constraint increases the problem’s difficulty beyond traditional graph coloring. Our proposed quantum
framework demonstrates the ability to generate valid schedules that satisfy both coloring and capacity constraint,
highlighting the practical potential of quantum computing for addressing complex scheduling challenges.
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1. Introduction

Quantum computing offers a powerful approach to combinatorial
optimization (Harwood ef al., 2021), enabling speedups for some
NP-hard problems through superposition, entanglement, and in-
terference (Ajagekar et al., 2019). Quantum computing techni-
ques share the advantages of quantum mechanics (Oh et al., 2024;
Khairunissa et al., 2022; Oh et al., 2022). In quantum computing
methodologies, Qubits can exist in superposition, allowing quan-
tum algorithms to process multiple possibilities simultaneously
(Clarke et al., 2008; Lee et al., 2023) and solve complex opti-
mization problems more efficiently (Coccia ef al., 2024; Hong et
al., 2024).

One notable application of quantum computing in combinato-

rial optimization is the graph coloring problem, which arises in
various fields such as flight gate assignment (Stollenwerk ef al.,
2020), frequency and register allocation (Oh et al., 2019), and
routing (Do et al., 2020). This problem involves assigning colors
to the vertices of a graph such that no two adjacent vertices share
the same color, with the goal of minimizing the total number of
colors used.

Quantum algorithms, such as Grover's algorithm, solve graph
coloring problem by exploring potential solutions in parallel
(Khanal et al., 2023). Grover's algorithm can be adapted for bina-
ry and ternary quantum systems (Saha et al., 2015). This adapta-
tion is crucial as it allows for a more efficient search for valid col-
orings in graphs, showcasing the potential for quantum speedups
in combinatorial optimization tasks.

This research was supported by Kumoh National Institute of Technology(2024-2026).

T AYAAL o)A ug, AR oA UEE 6] FHFLTHUNSw 2HAFE, Tel : 054-478-7661, Fax :

E-mail : hsl@kumoh.ac.kr

054-478-7679,

20259 79 3¢ A4y 20259 89 13Y; 20251 9€ 16 FAE A4 20259 9€ 17¢ AA FA.


https://crossmark.crossref.org/dialog/?doi=10.7232/JKIIE.2025.51.6.454&domain=https://jkiie.org/&uri_scheme=http:&cm_version=v1.5

Grover Algorithm-based Quantum Scheduling Framework for Constrained Graph Coloring 455

In this study, we extend Grover’s algorithm to a scheduling
problem modeled as a graph coloring task with added time
constraints. This scenario reflects real-world manufacturing set-
tings where machines have limited working hours, and tasks must
be distributed to avoid overload. The challenge lies not only in as-
signing different machines (colors) to adjacent tasks but also in
ensuring that the total processing time on each machine does not
exceed its capacity.

We apply Grover's algorithm, known for its quadratic speedup,
to efficiently search for valid schedules. Our oracle checks wheth-
er a candidate solution satisfies both the coloring and time con-
straints, ensuring adjacent tasks are on different machines and ma-
chine time limits are respected. Valid solutions are amplified
through quantum amplitude amplification, enabling effective
identification of feasible scheduling arrangements.

2. Background Theory

2.1 QAOA

The Quantum Approximate Optimization Algorithm (QAOA)
is a hybrid quantum-classical algorithm designed to tackle opti-
mization problems by combining classical and quantum process-
ing (Zhou et al., 2020). To solve graph coloring problem using
QAOA, it is necessary to formulate the cost Hamiltonian, which
represents the number of conflicts, in this case is adjacent vertices
with the same color. The cost Hamiltonian is defined as:

.= Z 6(Ci,cj) (1)
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where 6(c; ¢;) is an indicator function that takes the value 1 if the
colors assigned to vertices i and j are the same, and 0 otherwise.
This Hamiltonian captures the essence of the graph coloring prob-
lem by penalizing configurations in which adjacent vertices are
assigned the same color (Lucas, 2014).

In QAOA, the quantum system is initialized in a superposition
of all possible color assignments. The algorithm alternates be-
tween applying the Cost Hamiltonian A, and a Mixer
Hamiltonian A, which introduces transitions between different

states. The mixer Hamiltonian is typically chosen to be:

Hy= E X, 2

vEV

where X, is the Pauli-X operator acting on the qubit correspond-

ing to vertex v. This operator ensures that the system explores

different color assignments by flipping the qubit states.

The QAOA is parameterized by angles v and /3, which are op-
timized to minimize the expected value of the cost Hamiltonian
(Farhi et al., 2014). The quantum state after p steps of the algo-
rithm is given by:
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and U,(8) =e "™ This process enc-

odes the graph coloring problem into a quantum algorithm, alter-

where Uy (y) =e

nating between cost and mixer Hamiltonians to gradually con-
verge towards a solution.

Lastly, the optimization process involves finding the value of
and ( that minimize the expectation value of the cost
Hamiltonian, which is expressed as:

<7/)],(’Yvﬁ) | Hcl I/Jp(%ﬁ)> (4)

This expected value represents the total number of conflicts in
the current solution, and minimizing it leads to an optimal or
near-optimal graph coloring solution.

2.2 Quantum Annealing

In Quantum Annealing, the system starts in a simple quantum
state, and then slowly evolves to the final Hamiltonian that enc-
odes the solution to the problem. The evolution is governed by a
time-dependent Hamiltonian H,), which interpolates between an
initial Hamiltonian #; and the cost Hamiltonian A

¢t

H(t)= (1 - iT)H +
where ¢ is the time and 7" is the total annealing time. The system
is initialized in the ground state of A, which is easy to prepare.
Over time, H, transitions from the initial Hamiltonian to the cost
Hamiltonian A, with the goal of reaching the ground state of A,
which corresponds to the optimal graph coloring configuration.

The initial Hamiltonian #, typically takes the form of a trans-
verse field, which promotes quantum tunneling between different
states:

H==3 0, (6)
veEV
where o}, is the Pauli-X operator applied to vertex v, enabling
transitions between different color states for each vertex during
the annealing process.
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The annealing process is designed to find the minimum of the
final Hamiltonian #, which represents the optimal or near-opti-
mal solution to the graph coloring problem. By slowly evolving
the Hamiltonian and maintaining the system in the ground state,
quantum annealing exploits quantum tunneling to overcome local
minima and explore the solution space efficiently.

2.3 Grover’s Algorithm

Grover's Algorithm is designed for searching an unstructured
database where the correct solution is known but needs to be
found among multiple possibilities, such as identifying the correct
coloring in a graph coloring problem (Mukherjee, 2022). Grover’s
algorithm leverages quantum amplitude amplification to effi-
ciently search through the solution space, offering a quadratic
speedup over classical search methods (Chakrabarty et al., 2017).

The solution space for a graph with n vertices and & possible
color per vertex contains k" possible color assignments. Let the
set of possible colorings be denoted as:

S:xl,xZ,'-‘,mk” (7
where each x, represents a unique coloring assignment for the
vertices. Grover’s algorithm seeks to find the valid coloring from
this set.

The essential part of Grover’s algorithm is the oracle function,
which identifies valid colorings by checking if adjacent vertices
share the same color. The oracle applies a phase flip to the valid
solutions, denoted as:

o) = ;! ®

This oracle marks valid graph colorings by flipping their phase,
differentiating them from invalid solutions.
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Grover’s algorithm begins by initializing a quantum state in a
superposition of all possible colorings:

| w:ﬁz |2, 9)

i=1
This superposition equally represents all possible color
assignments. The algorithm iteratively applies two key operations:
the oracle O, which identifies valid colorings, and the diffusion
operator D, which amplifies the amplitude of valid solutions
(Perkowski, 2022). The diffusion operator can be expressed as:
D:2|wn><7/fo| s (10)
where 7 is the identity matrix, and the operator reflects the quan-
tum state about the average amplitude of all states.

3. Methodology

The proposed quantum scheduling algorithm is structured into a
series of distinct yet interconnected stages, each contributing to
the overall process of efficiently assigning tasks to machines un-
der specific constraints. Initially, the problem is precisely defined,
setting the foundation for the subsequent steps. The algorithm be-
gins with the initialization phase, where each product is encoded
in a quantum state representation. This is followed by multiple
oracle constructions, which serve critical roles such as validating
feasible colorings, ensuring compliance with machine time limi-
tations, and aggregating processing times. The diffusion step then
amplifies the probability amplitudes of the desired states, prepar-
ing the system for measurement. Finally, the measurement stage
collapses the quantum state into a classical binary outcome, re-
vealing the scheduling solution. <Figure 1> provides a clear over-
view of the sequential stages in the proposed quantum scheduling
algorithm.

Oracle Construction

-1, if x; is a valid coloring
00x) = { 1, otherwise

Oracle Construction |

[t Summation process of |

Checking whether the
summation result exceed the | product’s processing |
time limitation of machine time |

Figure 1. Flowchart of the Proposed Grover-based Scheduling Algorithm.
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3.1 Initialization

In the initialization phase of Grover's algorithm, we aim to de-
fine the structure of the quantum states representing the solution
space. The representation of each product is encoded using three
qubits, where the first two qubits, ¢, and ¢,, denote the machine
assigned to the product, and the third qubit, g, represents the day
of production.

We initialize the quantum state to represent all possible assign-
ments of machines and production days for each product. This is
achieved by preparing a uniform superposition over all possible
qubit states using the Hadamard gate. For each product 4, the state

| ¢b,qi,qs) represents a binary encoding of the machine and day
assignment, where giq;={00,01,10,11 }corresponds to the four
machines available, and ¢i= {0,1}encodes two possible days for

production. The superposition is generated as follows:

1 <&
[ y=—=D, Iz
wU > \/27 .IJEZDI ’

(11)
where n = 3k (with k being the number of products), ensuring that
each combination of machine and day for every product is equally
probable. Thus, = takes on all possible binary combinations of ma-
chine and day assignments for all & products. the sum runs over all
2" possible states in the superposition, representing all potential
machine and day allocations for each product. In our case, k=4
products, so z would take values from 000000000000 to
111111111111, representing different combinations of machine
and day assignments for the products.

This initialization sets up the quantum state with all possible
solutions, from which Grover's algorithm will search for the valid
coloring of the graph where adjacent nodes (representing prod-
ucts) are assigned distinct machine-day pairs. This ensures that no
two adjacent nodes share the same machine or day, as dictated by
the scheduling constraints.

3.2 Oracle

In addition to ensure that adjacent nodes in the graph are as-
signed different colors (representing machines), our oracle in-
corporates a summation process to verify whether the total proc-
essing time assigned to any machine exceeds its allowable daily
limit of 6 hours. This is achieved using a quantum full-adder cir-
cuit that performs binary addition to sum the processing times of
products assigned to adjacent nodes.

The binary addition process is carried out by encoding the proc-
essing times as binary numbers in quantum registers. For instance,

we add two products with processing times 4 hours (binary 100)
and 3 hours (binary 011), resulting in a total of 7 (binary 0111).
The summation is performed bit by bit using a full-adder
structure. For each bit position i, the quantum circuit calculates
both the sum .S; and the carry C; for the next bit. The sum for the
i-th qubit is given by the equation:

S =a;DbDC (12)
where a; and b, are the i-th bits of the processing times a and b,
respectively, and C;_, is the carry from previous bit. For the least
significant bit (LSB), the carry is initialized to zero (C_, =0).
The quantum circuit uses controlled-NOT (CX) gates to imple-
ment the XOR operation, and the sum is stored in a separate quan-
tum register.

The carry for each bit is computed using a combination of
AND and OR operations, which are implemented in the quantum
using Toffoli (CCX) gates. Mathematically, the carry for bit ¢ is
expressed as:

G = (@A) NGy A (a;Dhy)) (13)

This equation ensures that a carry is propagated if both a; and
b, are 1, or if there was a carry from the previous bit that com-
bines with either a; or b,. In the circuit, the first part (a, Ab;) is
implemented using a CCX gate, and the second part
C;_; A (a;®b,) is handled by a series of CX and CCX gates.

Based on equation (12), for the LSB, the sum is calculated using
the operation .5, =a,®b, and the carry is computed as
C, = (ayAby) . The circuit used for the summation process is shown
in <Figure 2>. In the circuit, this is done by applying CX gates to qu-
bits a, and b, to compute the XOR, and a CCX gate to compute the
carry. For the second bit, the sum is calculated as .S, = a,®b, P C,
and the carry is C; = (a; Ab,) A (CyA (a,Db,)). The CX gates
are again used for XOR operations, while CCX gates manage the car-
Ty propagation.

The process continues for the most significant bit (MSB),
where the final carry C, is propagated to detect any overflow. For
instance, if the circuit is tasked with adding a,a,a, =100, (4
hours) and b= 011, (3 hours), the result is 555,5,5, = 0111,
which equals 7 hours in decimal form. Once the summation is
complete, the result is stored in a quantum register and then the
quantum circuit compares the summation result to the time limi-
tation of the machine, which is set to 6 hours.

The quantum circuit for comparison implements custom gates
and controlled operations to determine whether the input number
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is less than or equal to 6, marking the state as valid if the con-
dition is satisfied. The details of the circuit are presented in
<Figure 3>.
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Figure 2. Quantum circuit for summation process of product’s
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result exceed the time limitation of each machine.

The circuit operates on two main sets of qubits, the qubits
a,a,a, which represents the result of the previous summation op-
eration that we aim to compare, and the qubits b,b,b, which are
fixed to represent the binary value of 6. The circuit also involves
ancilla qubits which serve as intermediate storage to facilitate the
comparison process. These ancilla qubits play a crucial role in
propagating information about the intermediate steps of the binary
comparison. Additionally, a control qubit ¢ is included to store
the final result of the comparison and will be measured to de-
termine if the number is valid based on the comparison criteria.

The first stage of the circuit involves preparing the binary value
of 6 using X-gates. An X-gate is a quantum operation that flips
the state of a qubit. Initially, the qubits are prepared in the state

| 0, and the X-gate flips the required qubits to | 1) to match
the binary representation of 6. No X-gates are applied to b, and b,
since they are already in the state | 1> but an X-gate is applied
to b, to ensure that it is in the state | 0> completing the binary
setup for 6. The primary comparison between the two binary
numbers is performed using custom quantum gates, labeled U<
and U0. The details of U< gates and UQ gates can be seen in
<Figure 4>.

A x| %
a: 4@ @2 —Q——

Figure 4. The gate U< (left) checks whether the binary number
aya,q, is less than the corresponding bits of b,b,b,,

while the gate UO (right) checks whether the binary

number is equal to 6.

The final result of the comparison is stored in the ancilla qubits.
If they contain the state | 1) this indicates that the binary num-
ber represented by aya,a, is greater than 6, marking it as an in-
valid solution. If they contain | 0) it means the number is less
than or equal to 6.

3.3 Diffusion

The last step of Grover’s algorithm is known as diffusion or
amplitude amplification. This process is applied to the variable
registers after the oracle has marked the correct solution by invert-
ing its amplitude. The purpose of diffusion is to increase the prob-
ability of measuring the marked state by amplifying its amplitude
and reducing the amplitudes of the non-solution states.

The diffusion operator is calculated by using (10). After each
application of the oracle, the diffusion process increases the like-
lihood of finding the solution that does not violate the time limi-
tation of 6 hours per machine, ensuring efficient machine
scheduling.

3.4 Algorithm Overview

To provide a clear and concise overview of the proposed
Grover-based quantum scheduling algorithm, we present its de-
tailed procedural steps in Algorithm 1. This algorithm integrates
the core components described above, including initialization,
oracle construction with coloring and capacity constraints, and the
diffusion operator, into a unified framework. The pseudocode
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highlights the iterative nature of Grover’s search adapted for the
scheduling problem and illustrates how constraint checks and am-
plitude amplification are systematically performed to efficiently
identify feasible and optimal scheduling solutions.
Algorithm 1.
Input:
G(V, E) // Conflict graph: V = products, E = edges (conflicts)
M // Number of machines
D // Number of production days
T max // Maximum machine capacity (hours/day)
ProcessingTime[i] // Processing time of product i

Output:
Feasible machine-day assignments for all products

Quantum Register Definitions:

q_var: Machine + Day encoding
q_sum: qubits for binary sum of processing times
q_carry: qubits for full-adder carry operations
q_limit: qubits storing binary value of T_max
q_ancilla: ancilla qubits for comparison operations

1. Encode each product i into its q_var[i] register

2. Initialize all q_var qubits in uniform superposition with Hadamard

gates

3. repeat for r iterations (Grover steps):

4. // Oracle: Coloring Constraint

5. for each edge (i, j) in E do

6. if Machine(i) == Machine(j) then
7. Mark state as invalid

8. end if

9. endfor

10.  // Oracle: Machine Capacity Constraint
11.  for each machine m in M and each day d in D do

12. Use q_sum and q_carry to sum ProcessingTime of all prod-
ucts assigned to (m, d)

13. Compare sum with q_limit (T_max)

14. if sum>T_max then

15. Mark state as invalid

16. end if

17.  end for

18.  Apply phase flip to all valid states

19.  // Diffusion Operator

20.  Reflect all amplitudes about the mean amplitude

21. Measure q_var registers

22.  Decode measured binary string into machine-day assignments
23.  Verify constraints classically to confirm feasibility

24. Return best feasible solution

4. Simulation and Result

Our trials on real quantum processors were limited to solve graph
coloring with 4 and 5 nodes, where each node represents a prod-
uct with varying processing times. For 4 nodes problem, the proc-

essing times were 3 hours, 2 hours, 3 hours, and 4 hours,
sequentially. Meanwhile for 5 nodes problem, the processing
times were 3 hours, 4 hours, 3 hours, 2 hours, and 4 hours,
sequentially. This problem can be written as graph coloring prob-
lem let graph G = (V, E) where V is vertices or number of nodes
and E is edges. The graphical representation of the 4-nodes and
5-nodes scheduling problems is illustrated in <Figure 4>.

P2
2 hours

P1
3 hours

P4

4 hours

(a) 4-nodes Problem

P2
4 hours

P1 P4
3 hours 2 hours

P5
4 hours

(b) 5-nodes Problem
Figure 4. Problem Description

Since the quantum circuit required more than 29 qubits, it could
not be run on a simulator. Therefore, the constructed circuit was
executed on the ibmq brisbane processor provided by IBM
Quantum Experience, with the optimization level set to 0.

4.1 4 Nodes Problem

Let G=({1,2,3,4},{12,13,24,34}), we utilized 34 qubits that
were allocated as follows: 12 qubits representing the nodes, 3 qu-
bits for carry operations, 8 qubits for sum calculations, 3 qubits en-
coding the time limit, and 7 ancilla qubits. The initial state in
Grover's algorithm is a uniform superposition over all possible sol-
utions, where each solution corresponds to a distinct binary string
from |000000000000 > to [I11111111111 > . The total number of
possible states N in 12-qubit system is V= 2'2 = 4096.

At the beginning of Grover’s search, the algorithm starts by



460 Lutfiana Sausan *+ Hyunsoo Lee

preparing a uniform superposition of all states. The amplitude
of each state in this superposition is equal, and due to the nor-
malization condition, the amplitude a of each state is a =
111
VN Vg 647

tudes of the valid states are inverted, while the invalid states re-

After applying the oracle, the ampli-

main unchanged. This condition expresses as o, s orade =
L e

647647 647 7 64°]

Following oracle step, the diffusion operator is applied. The
diffusion operator amplifies the amplitude of valid states while
suppressing the invalid ones. This amplification process works by
reflecting the amplitudes of all states about the mean, which re-
sults in an increase in the amplitude of valid states and a decrease
in the amplitude of invalid states. The calculation of the mean am-
plitude a can be expressed as:

1 1 1 1
_ we et T e 14
@ 64

Next, we apply the diffusion operator to each amplitude by re-
flecting it around the mean amplitude «. After executing the cir-
cuit, the result with the highest amplitude was 001010010000,
corresponding to a valid solution for the graph coloring problem,
as shown in <Figure 5>. This binary string represents the assign-
ment of machines and days for each node, and the associated
measurement result frequency was 8. This means that in the sam-
pling process, the quantum state 001010010000 appeared most
frequently, indicating that it is the most likely valid solution found
by Grover's search.

EEm Highest Count: 8
I State: 001010010000

Count

001000100000
1110001100
1011011001

001001011001

Figure 5. The result of proposed framework for 4 nodes problem
after running the circuit on ibmq_brisbane processor
provided by the IBM Quantum Experience.

As previously noted, each node is represented by 3 qubits, with the
first two qubits indicating the machine and the last qubit indicating
the day. Based on this representation, product 1 is allocated to ma-
chine 1 on day 2, product 2 to machine 2 on day 1, product 3 to machine
2 on day 1, and product 4 to machine 1 on day 1. The resulting alloca-
tion is illustrated in <Figure 6>, providing a visual representation of
the product-machine-day assignments.

Figure 6. Visual representation of product-machine-day allocation
for 4 nodes.

The obtained result satisfies all the problem constraints, ensuring
that no two adjacent nodes are assigned to the same machine or the
same day and the total processing time for each machine within a sin-
gle day does not exceed the maximum limit of 6 hours.

4.2 5 Nodes Problem

Let G=({1,2,3,4,5},{12,13,14,24,25 35,45}), we utilized 39 qu-
bits that were allocated as follows: 15 qubits representing the no-
des, 3 qubits for carry operations, 12 qubits for sum calculations,
3 qubits encoding the time limit, and 7 ancilla qubits. <Figure 7>
presents the results of these executions.

EEm Highest Count: 10
I State: 100110000000001

Count

Figure 7. The result of proposed framework for 5 nodes problem
after running the circuit on ibmq_brisbane processor
provided by the IBM Quantum Experience.
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After executing the circuit, the result with the highest amplitude
was 100110000000001, corresponding to a valid solution for the
graph coloring problem, as shown in <Figure 7>. This binary
string represents the assignment of machines and days for each
node, and the associated measurement result frequency was 10.
This means that in the sampling process, the quantum state
100110000000001 appeared most frequently, indicating that it is
the most likely valid solution found by Grover's search. The re-
sulting allocation is illustrated in <Figure 8>, providing a visual
representation of the product-machine-day assignments.

P2
M3D1

/ / 4 hours N\
/f A

Figure 8. Visual Representation of Product-machine-day
Allocation for 5 Nodes

Based on <Figure 7>, product 1 is allocated to machine 2 on
day 1, product 2 to machine 3 on day 1, product 3 to machine 1
on day 1, product 4 to machine 1 on day 1 and product 5 to ma-
chine 1 on day 2. The obtained result satisfies all the problem
constraints, ensuring that no two adjacent nodes are assigned to
the same machine or the same day and the total processing time
for each machine within a single day does not exceed the max-
imum limit of 6 hours.

Table 1. Comparison of 4-node and 5-node Graph Coloring

Problem
Aspect 4 Nodes 5 Nodes
Possible State 4096 32768
Initial Amplitude 0.015625 0.005525
Time Complexity 0(64) 0(181)
Circuit Depth 56 80

<Table 1> presents a comparison of 4-node and 5-node graph
for solving the graph coloring problem using Grover's algorithm
with k=8 colors. The comparison is based on four key aspects:

Possible States, Initial Amplitude, Time Complexity, and Circuit
Depth. The number of Possible States represents the size of the
search space, which increases exponentially with the number of
nodes, calculated as £"°*. For the 4 nodes graph, there are 4,096
possible states, while for the 5 nodes graph, the search space ex-
pands to 32,768 states. The Initial Amplitude, given by 1/v/V,
where N is the number of possible states, is approximately
0.015625 for the 4 nodes graph and decreases to 0.005525 for the
5 nodes graph. This reduction in amplitude reflects the greater dif-
ficulty of identifying a solution as the search space grows.

Time Complexity in Grover's algorithm scales proportionally to
O(+v/N). Consequently, the time complexity for the 4 nodes
graph is O(64), which increases to O(181) for the 5 nodes
graph. This aligns with the square root relationship between the
number of states and the number of Grover iterations needed. The
Circuit Depth, which indicates the number of quantum gates re-
quired, also increases from 56 for the 4 nodes graph to 80 for the
5 nodes graph, reflecting the additional computational required to
handle a larger problem instance.

4.3 Comparison With Other Quantum Algorithm

To evaluate the performance and suitability of our algorithm for
solving the graph coloring problem on quantum processors, two
performance metrics are employed, accuracy and success rate.
Accuracy quantifies the proportion of measurement outcomes that
correspond to feasible schedules satisfying both the graph coloring
constraint (no two adjacent products are assigned to the same ma-
chine) and the machine capacity constraint (the total processing
time allocated to any machine within a single day does not exceed
6 hours). Success rate measures the consistency of the algorithm in
producing a valid schedule as its most probable outcome.
Specifically, it is computed as the fraction of independent ex-
perimental runs in which the highest-frequency measurement re-
sult satisfies all problem constraints. It is also essential to compare
it with other well-known quantum algorithms, including Grover's
algorithm, Quantum Approximate Optimization Algorithm
(QAOA), and Quantum Annealing.

The results obtained from solving the graph coloring problem
using various quantum algorithms demonstrate distinct perform-
ance patterns can be seen in <Figure 9>.

The proposed algorithm consistently achieved higher success
rates, with values ranging from 0.35 to 0.75, and an average value
around 0.50 to 0.60. The success rates observed in our experi-
ments are consistent with the influence of noise inherent to noisy
intermediate-scale quantum (NISQ) processors. The ibmq_bris-
bane device, on which our framework was executed, is subject to
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several dominant error sources, including single-qubit and
two-qubit gate infidelities, qubit relaxation, dephasing, and read-
out errors. These noise processes cumulatively reduce the fidelity
of the quantum state, decreasing the amplitude of marked sol-
utions and thereby lowering the measured success probability of
Grover’s algorithm. This phenomenon aligns with the recent theo-
retical and experimental findings of Sun (2024), who demon-
strated a quantitative complementarity between Grover’s success
probabilities and decoherence rate. Specifically, the maximum
success probability depends on an equation involving the deco-
herence rate and the total runtime. As noise gets worse (larger de-
coherence rate), the ability of the algorithm to amplify the correct
answer drops, reducing success rates. To mitigate these effects,
several strategies were adopted. First, we employed qubit map-
ping and transpilation at optimization level 0 to minimize un-
necessary SWAP operations, thereby reducing circuit depth and
exposure to decoherence. Second, measurement error mitigation
techniques provided by Qiskit were applied to calibrate readout
errors based on the device’s current calibration data. Third, we
minimized the use of multi-controlled gates by optimizing the
oracle and comparator circuits, as such gates are particularly er-
ror-prone on NISQ devices.

Accuracy Comparison

—&— Proposed Algorithm
07 == Grover's Algorithm
’ —&— QAODA
—4— Quantum Annealing
0.6 4
z
o
5 051
v
=4
0.4 4
0.31

Figure 9. Accuracy Comparison between all Models for 4 Nodes

In comparison, Grover's algorithm displayed moderate success,
with results fluctuating between 0.30 and 0.60. While Grover's al-
gorithm performed well in some cases, it was less consistent over-
all, suggesting that it is effective but not as stable as the proposed
method.

On the other hand, the Quantum Approximate Optimization
Algorithm (QAOA) exhibited a lower overall performance, with
values ranging between 0.25 and 0.50. Finally, quantum anneal-
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ing produced stable yet modest results, with values tightly be-
tween 0.30 and 0.35. While quantum annealing demonstrated reli-
ability, its performance was consistently lower than that of the
other algorithms. In terms of solving graph coloring, quantum an-
nealing performs well in satisfying adjacent nodes constraint with
optimal value, but this lead fails to satisfy the machine time
limitation.

The accuracy comparison for 5 nodes problem can be seen in
<Figure 10>. The plot reveals that the Proposed Algorithm con-
sistently achieves higher accuracy than the other methods across
multiple runs, often reaching values around 0.5 to 0.7, although it
shows some variability. This suggests that while it may be sensi-
tive to noise of real quantum computer, it generally outperforms
the other approaches in terms of accuracy. Grover’s Algorithm
demonstrates moderate variability, typically in the range of 0.3 to
0.5, providing stable results but not reaching the higher accuracy
levels seen with the Proposed Algorithm. QAOA (Quantum
Approximate Optimization Algorithm) fluctuates significantly,
with accuracy values between 0.2 and 0.5. Quantum Annealing,
on the other hand, displays the most consistent performance, in
the range of 0.3 to 0.4 across all runs. For solving graph coloring,
quantum annealing performs effectively in meeting the adjacent
nodes constraint with optimal values. However, this success often
results in failing to satisfy the machine time limitation.

Accuracy Comparison
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—&— QAODA
0.6 == Quantum Annealing
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=
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Figure 10. Accuracy Comparison between all models for 5 nodes

In summary, the proposed algorithm demonstrated superior per-
formance and higher accuracy compared to other quantum algo-
rithms, such as Grover's algorithm, the Quantum Approximate
Optimization Algorithm (QAOA), and quantum annealing, mak-
ing it a promising approach for solving the graph coloring prob-
lem with additional constraint in quantum computing.
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5. Conclusion

This study successfully applied quantum computing, partic-
ularly Grover’s algorithm with additional constraint, to tackle a
constrained scheduling problem modeled as a graph coloring
problem. By integrating quantum amplitude amplification, the al-
gorithm efficiently explored large solution spaces to find optimal
or near-optimal schedules, adhering to both graph coloring and
time constraints. The experiments on a real quantum processor
(ibmq_brisbane) demonstrated the algorithm's ability to solve a 4
nodes and 5 nodes graph coloring problem. However, when com-
pared to other quantum algorithms, such as traditional Grover’s
Algorithm, QAOA, and Quantum Annealing, the solution ob-
tained from proposed framework excelled in providing optimal
solutions and satisfying all the constraints.

One of the critical limitations encountered during the trials was
the restriction imposed by the current generation of IBM quantum
processors, which significantly influenced the scope and complex-
ity of problems that could be addressed. These hardware limi-
tations are common in today's noisy intermediate-scale quantum
(NISQ) devices, meaning they can handle only a limited number
of qubits and operations.

Moving forward, addressing these hardware constraints will be
a key area of focus. Future research will aim to overcome the qu-
bit limitation by optimizing algorithm design and leveraging
quantum error correction techniques, which would allow for more
stable and reliable computations. Scaling up to solve larger prob-
lems such as those involving hundreds of nodes and more com-
plex constraints will require advancements in both hardware, in-
cluding processors with more qubits and lower noise levels, and
algorithms capable of functioning within these quantum limits.

As quantum hardware continues to improve, the ability to solve
larger and more complex optimization problems on quantum
computers will bring us closer to realizing the full potential of
quantum computing in real-world applications such as scheduling

and optimization.
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